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§ ! 1 Introduction 



The Bochner curvature tensor B was defined by Bochner as a formal analogy of the 



OO 
O , 

I"-- Weyl conformal curvature tensor [2j. The Bochner Kahler manifold which is a Kahler 

manifold with vanishing Bochner curvature tensor has been studied by Kamishima [9] 
and Bryant [3]. Tricerri and Vanhecke [20] studied the decomposition of the space of all 
curvature tensors on a Hermitian vector space from the view-point of unitary representa- 
tion theory and defined a Bochner type conformal curvature tensor B(R) for any almost 
Hermitian manifold M = (M, J, g). Then tensor field B(R) is invariant under conformal 
change of the Riemannian metric g. On one hand, Matsuo [13] introduced a generalization 
of the Bochner curvature tensor which is called the pseudo-Bo chner curvature tensor on a 
Hermitian manifold M = (M, J, g) and denoted with Bh, and discussed several curvature 
properties. 
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In the present paper, we shall study the curvature properties of four-dimensional 
almost Hermitian manifolds with vanishing Tricerri-Vanhecke Bochner curvature tensor. 
In the sequel, we shall call an almost Hermitian manifold with vanishing Tricerri-Vanhecke 
Bochner curvature tensor a Tricerri-Vanhecke Bochner flat one, and also call a four- 
dimensional almost Hermitian manifold an almost Hermitian surface. 

The authors are grateful for anonymous referee's helpful comments concerning this 
paper. 

2 Preliminaries 

Let M = (M, J, g) be a 2n-dimensional almost Hermitian manifold and Q the Kahler 
form of M defined by Q(X,Y) = g(JX,Y), for X, Y £ X(M), where X(M) denotes the 
Lie algebra of all smooth vector fields X, Y on M. We denote by V and R the Levi-Civita 
connection and the curvature tensor of (M, J, g) defined by 

R(X, Y)Z = [Vx, Vy]Z - V [x ,y]Z, (2.1) 

for X, Y, Z £ X(M). Further, we denote by p, p*, r and r* the Ricci tensor, the Ricci 
*-tensor, the scalar curvature and the *-scalar curvature defined respectively as: 

p(X,Y)=tz (Z^R(Z,X)Y), 
p*(X,Y) =tr [Z\ — >R(X,JZ)JY), (2.2) 
t = tr Q, t* = tr Q* 

where Q and Q* are the Ricci operator and the Ricci *-operator defined by g(QX, Y) = 
p(X, Y) and g(Q*X, Y) = p*(X, V), for V, Y £ X(M), respectively. We may easily check 
that p*(X,Y) = p*(JY, JX) holds for all X, Y £ X(M), and p* = p holds if M is a 
Kahler manifold. An almost Hermitian manifold M is called a weakly * -Einstein manifold 
if p* = 7^-g holds on M and also called a * -Einstein manifold especially if r* is constant. 
We denote by 1Z the curvature operator defined by 

g{Tl{i{x) A t(y)), l{z) A i{w)) = -g(R(x, y)z, w) = -R(x, y, z, w), (2.3) 

for x, y, z, w £ T p M, p £ M, where i denotes the duality : TM — ► f\ x M = T*M (the 
cotangent bundle of M). Let {ej} be an orthonormal basis of T P M at any point p £ M. 
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In this paper, we shall adopt the following notational convention: 

Rijki = g(R(ei,ej)e kj ei), 
Rijki = g{R{Jei,ej)e k ,e{), 



Rijki = g(R(Jeu Jej)Je k , Je t ), (2.4) 

Pij Pipii i Pij P\J&ii J&jh 

Pij = P*( e ii e j)i •■■ , Pij = P*(Jei, Je,), 
Jij = g(Jei, ej), ViJ jk = g((V et J)ej, e k ), 

and so on, where the Latin indices run over the range 1, 2, • ■ ■ , 2n. 

The Bochner curvature tensor B(R) defined by Tricerri and Vanhecke is stated below: 

1 2n — 3 

4{n + 2){n — 2) 4(n — \){n— 2) 

g A(pJ) + - ^g©( P J) 



4(n + 2)(n-2) a y ' ' 4(w - l)(n - 2) 
2n 2 — 5 2n — 1 

+ 77 — H77 — ^7 ^\ 9 ^P*~T( — H77 7^ 9 ® P* (2.5) 

A[n + \){n + 2){n — 2) 4(n + 1) [n — 2) 

4(n + l)(n + 2)(n — 2) 4{n+l)(n — 2) 

3nr - (2n 2 - 3n + 4)r* r - r* 

+ 16(n+l)(n + 2)(ra-l)(n-2)^ ^~ 8(n - l)(n - 2) 9 ® 5 



for 77. ^ 3, and 

£(f?) =i2 + i © p + 1 {^Ap* -g@p*-gA(p*J) + g@ (p*J) } 

3t* t r + r* 

+ nfi ffAg — - 5 © g 

9o Id 

for n = 2, where for any (0,2)-tensors a and 6, we set 

(a®b)(x,y,z,w) 
=a(x, z)b(y, w) — a(x, w)b(y, z) + b(x, z)a(y, w) — b(x, w)a(y, z), 



(2.6) 



(2.7) 



a(x,y) = a(x,Jy), (2.8) 
for x, y, z, w G T p M, jo g M, and we set 

aA6 = a®6 + a®6 + 2a(g)6 + 26®a. (2.9) 
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Further, the Weyl curvature tensor is given by 

W = R+ 7r ^g®p-^: ^- ^g@g. (2.10) 

2n — 2 2{2n — \)[2n — 2) 

We denote by W the Weyl curvature operator. 

We note that the Tricerri-Vanhecke Bochner curvature tensor B(R) coincides with the 
usual Bochner curvature tensor B on Kahler manifold 1201. 



3 Local structures of Tricerri-Vanhecke Bochner flat 
almost Hermitian surfaces 

In this section, we shall discuss Tricerri-Vanhecke Bochner flat almost Hermitian sur- 
faces and give some local structure theorems for these surfaces. Let M = (M, J, g) be a 
Tricerri-Vanhecke Bochner flat almost Hermitian surface. Then, by (12.61) . the curvature 
tensor R of M can be expressed explicitly by 



R(X, V, Z, W) 
1 

~2 



Ug(X, W)p(Y, Z) + g(Y, Z)p(X, W) 



- g(X, Z)p(Y, W) - g(Y, W)p(X, Z) 

1 

12 



3t* -r 

+ 



2g(X, JY) [p\W, JZ) - p*(JZ, WO 
+ 2g(Z, JW) JX) - p*(JX, Yf 

+ g(X, JZ) (p*(W, JY) - p*(JY, WO) 

+ g(Y, JW) [p\Z, JX) - p*(JX, Z)) (3.1) 
+ g(X, JW) (p*(V, JZ) - p*(JZ, V)) 
+ g(Y, JZ) (p*(X, JW) - p*(JW, V)) } 
[g(X, W)g(Y, Z) - g(X, Z)g(Y, W) 
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- 2g(X, JY)g(Z, JW) - g(X, JZ)g(Y, JW) 
+ g(Y,JZ)g(X, JW) 

( g(X, W)g{Y 1 Z) - g(X, Z)g(Y, W) } 



1 



for X, Y, Z, W G X(M). On one hand, from (12.101) . the Weyl curvature tensor W is 
given by 

W(X, Y, Z, W) 
=R(X, Y, Z, W) 

- l -{g{X, W)p(Y, Z) + g(Y, Z)p(X, W) (3 2) 

- g(X, Z)p(Y, W) - g(Y, W)p(X, Z) } 

+ Ug{X, W)g(Y, Z) - g(X, Z)g(Y, W)} 
o 

for X, Y, Z, W e X(M). From ([371]) and ([375]), the Weyl curvature tensor W is also 
expressed by 

W(X, Y, Z, W) 
r — 3r 



24 

+ ^{mx, jy) ( p *(w, jz) - p *{jz, wf 

+ 2g(Z, JW) (p*{Y, JX) - p*{ JX, Yf 
+ g(X, JZ) [p*{W, JY) - p*(JY, W)) 

+ g(Y, JW) [p*{Z, JX) - p*(JX, Z)) (3.3) 
+ g(X, JW) (p\Y, JZ) - p*(JZ, Y)) 
+ g(Y t JZ) (p*(X, JW) - p*(JW, X)) } 

+ ^^{g(X, W)g(Y, Z) - g(X, Z)g(Y, W) 

- 2g(X, JY)g(Z, JW) - g(X, JZ)g(Y, JW) 
+ g(Y,JZ)g(X, JW) 



g(X,W)g(YZ)-g(X,Z)g(YW) 



for X, Y, Z, W G X(M). First, from (13. ip . by direct calculation, we have the following 
theorem. 

Theorem 3.1 Let M = (M, J,g) be a Tricerri-Vanhecke Bochner flat almost Hermitian 
surface. Then, the curvature tensor R satisfies the following curvature identity 

R(X, Y, Z, W) - R(JX, JY, Z, W) 

- R(X, Y, JZ, JW) + R(JX, JY, JZ, JW) 
=R{X, JY, Z, JW) + R(X, JY, JZ, W) 

+ R(JX, Y, JZ, W) + R(JX, Y, Z, JW) 



forX, Y, Z,W G X(M). 

Proof From (13.11) . the left-hand side of H3.4[) is 



R(X, Y, Z, W) - R(JX, JY, Z, W) 

- R(X, Y, JZ, JW) + R(JX, JY, JZ, JW) 



- g(X, Z)p(Y, W) - g(Y, W)p(X, Z) 

- g{X, JW)p(Y, JZ) - g(Y, JZ)p(X, JW) 
+ g(X, JZ)p(Y, JW) + g(Y, JW)p(X, JZ) 
+ g(X, W)p(JY, JZ) + g(Y, Z)p{JX, JW) 

- g(X, Z)p(JY, JW) - g{Y t W)p(JX, JZ) 
+ g(X, JW)p(JY, Z) + g(Y, JZ)p(JX, W) 

- g(X, JZ)p(JY, W) - g(Y, JW)p(JX, Z)] 
^{g(X, W)g(Y, Z) - g(X, Z)g(Y, W) 

- g(X, JW)g{Y, JZ) + g(X, JZ)g(Y, JW) } 



R(X, JY, Z, JW) + R(X, JY, JZ, W) 
+ R(JX, Y, JZ, W) + R(JX, Y, Z, JW) 



- g(X, Z)p(Y, W) - g(Y, W)p(X, Z) 

- g(X, JW)p(Y, JZ) - g{Y, JZ)p(X, JW) 
+ g(X, JZ)p(Y, JW) + g(Y, JW)p(X, JZ) 
+ g(X, W)p(JY, JZ) + g{Y, Z)p(JX, JW) 

- g(X, Z)p{JY, JW) - g(Y, W)p(JX, JZ) 
+ g(X, JW)p{JY, Z) + g{Y, JZ)p(JX, W) 

- g(X, JZ)p(JY, W) - g(Y, JW)p(JX, Z) } 

- g(X, JW)g(Y, JZ) + g(X, JZ)g(Y, JW)}. 




and the right-hand side of (13.41) is 
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From (13. 5p and (13. 6p . we may see that the curvature identity (13.41) holds. □ 

Remark It is known that the curvature tensor of any Hermitian manifold satisfies the 
curvature identity (13.41) in the above Theorem 13.11 [6]. However, the converse is not true 
in general. In fact, Tricerri and Vanhecke [19] gave an example of a locally flat almost 
Hermitian surface which is not Hermitian. 

Now, let {ej} = {ex, e 2 = Je±, e 3 , e 4 = Je 3 } be a unitary basis (resp. any local unitary 
frame field) of T P M for any p G M, and {e*} be the dual basis (resp. local dual unitary 
frame field) of {e{\. The space A 2 M of all 2-forms on M is decomposed by 

A 2 p M = A 2 + ® A 2 , (3.7) 

and these subspaces are spanned respectively by 

A+ = span{fi ,$, </$} , A 2 . = span {^i, W 2j , (3.8) 



where 



tt = -Lj] = -^(e 1 A e 2 + e 3 A e 4 ), 
v 2 v 2 

$ = -^(e 1 A e 3 — e 2 A e 4 ), J$ = ^(e 1 A e 4 + e 2 A e 3 ), 

* x = -^(e 1 Ae 2 -e 3 Ae 4 ), 
v/2 

^ 2 = ^(e 1 A e 3 + e 2 A e 4 ), # 3 = ^(e 1 A e 4 — e 2 A e 3 ). 
v2 v 2 



(3.9) 



Then, from (13. 3ft and ( 13. 9ft . we have 

w(*)=-5(A-A)n.-^», 

1 3 * 

W(J*) =-(pl 3 - PsiH - ~ ^--^ 

W(*0=0, (2 = 1,2,3), 

where W is the Weyl curvature operator. Thus, by (13.81) and (13.101) . we have the following 
theorems. 

Theorem 3.2 Let M = (M, J,g) be a Tricerri- Vanhecke Bochner flat almost Hermitian 
surface. Then, M is self-dual. 
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Theorem 3.3 Let M = (M, J,g) be a Tricerri-Vanhecke Bochner flat almost Hermitian 
surface. Then, M is anti- self- dual if and only if p* is symmetric and 3r* — r = holds 
on M. 



Corollary 3.4 Let M = (M, J,g) be a Tricerri-Vanhecke Bochner flat almost Hermitian 
surface. Then, M is conformally flat if and only if p* is symmetric and 3r* — r = holds 
on M. 

Below are two examples of conformally flat, Tricerri-Vanhecke Bochner flat almost 
Hermitian surfaces. 

Example 1 Let M = = {(xi, x 2 , x 3 , x 4 ) G M. 4 \ x$ > 0, x\, x 2 , x 3 G M. } and {ei, e 2 , e 3 , e 4 } 
be the global frame field on M defined by 

d d d d 

ei = x 4 ——, e 2 = x±- — , e 3 = x 47 — , e 4 = x A —— . (3.11J 

OXi OX 2 OX 3 OX4 

Further, we define almost Hermitian structure (J,g) on M as follows: 

J : ei 1 — > e 2 , e 2 1 — > —e x , e 3 1 — > e 4 , e 4 1 — > -e 3 , (3.12) 

and 

g(ei,ej) = 5ij. (3.13) 

Then, we may easily check that (M, J, g) is a Hermitian surface of constant sectional cur- 
vature —1 (and hence, conformally flat, Tricerri-Vanhecke Bochner flat Hermitian surface 
by virtue of (13. ip ). 

Example 2 [H] Let M x = (M^K), J l ,g l ), M 2 = (M 2 (-K), J 2 , g 2 ) be oriented surfaces 
with constant Gaussian curvatures K and —K (K > 0) respectively, and (M,J,g) = 
(Mi x M 2 , J\ x J 2 ,gi x g 2 ) be the direct product of Mi and M 2 . 

We may immediately observe that a complex space form is a typical example of Tricerri- 
Vanhecke Bochner flat Kahler manifold and the above Example |2] is such an example. 
Now, concerning the Example [2j we have the following theorem. 

Theorem 3.5 Let M = (M, J, g) be a Tricerri-Vanhecke Bochner flat Kahler surface. If 
the scalar curvature r of M is constant, then M is locally a complex space form of complex 
dimension 2, or locally a product of two oriented surfaces of different constant Gaussian 
curvatures K and —K (K 7^ 0). 



S 



Proof Let A, /i (A ^ p) be the eigenvalues of the Ricci transformation Q at each point 

T 

of M. Then, we may easily observe that A + /i = — and the eigenvalues A, p give rise to 

continuous functions on M. Now, we set M = {p E M | A > p, at p}. Then, M is an 

open set (possibly, empty set) of M. 

First, we assume that M is empty. Then, we see that M is Einstein, and hence, by 

(13. ip . M is locally a complex space form of complex dimension 2 of constant holomorphic 

sectional curvature — . 

6 

Next, we assume that Mo is not empty. Then, we may define two smooth J-invariant 
distributions D\ and _D M on M corresponding to the eigenvalues A and p of the Ricci 
transformation Q. Let U be an any component of M and {e^} = {ei,e 2 = Jei,e 3 ,e 4 = 
Je 3 } be any local unitary frame field in U such that Qe% = \e± (Qe 2 = Ae2), Qe 3 = pe 3 
(Qe 4 = fie^). We set 

V e fy = Y,Ti jk e k (i,j = 1,2,3,4). (3.14) 

k 

Then, since M is Kahler, we get 

^ijk = —^ikj: ^ijk = ^ijk (h 3i & = 1 ) 2 , 3, 4) . (3.15) 

On one hand, from ( 13. ip . since r is constant, we have 

^(V ei i?)(X, Y, Z, e*) = ^ {(Vxp)(Y Z) - (V y p)(X, Z)} (3.16) 

i 

and hence, taking account of the second Bianchi identity, 

(V x p)(Y, Z) - (V Y p)(X, Z) = (3.17) 

for any X, Y, Z e X(f7). Thus, by setting (X,Y,Z) = {e 1 ,e 2 ,e 2 ), (ei,e 3 ,e 3 ), (ei,e 4 ,e 4 ) 
in (I3.17p . from (13.151) . we have respectively 

eiA = 0, (3.18) 
ei^ + r 342 (A-/i) =0, (3.19) 
ei/i-r 432 (A-/i) = 0. (3.20) 

From (I3.18P and the hypothesis (r = 2(A + p) is constant), we have e\p = 0. Thus, by 
(I3.19P and (13.201) . we have T 342 = T 432 = 0. Similarly, we have e a A = e a p = (a = 2, 3, 4), 
and r 344 = T 43 i = r 44 2 = r 24 i = Ti 32 = r 234 = 0. Thus, we see that the distributions D\ 
and are both parallel ones on each U. Therefore, Mq is locally a product of two integral 
manifolds with respect to the distributions D\ and D^. From (13.11) . = i?i 343 = — — 
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and hence r = 0. Since A and jj, are both constant, by setting A = K and /i = —K from 

T 

taking account of A + /i = — = 0, we see that M = M and M is locally a product of two 
oriented surfaces of different constant Gaussian curvatures K and —K (K ^ 0). □ 

We note that Bochner flat Kahler manifold with constant scalar curvature is locally 
symmetric in any dimension [T^] . 

The following example illustrates the above Theorem 13.51 Namely, there exists a 
Tricerri-Vanhecke Bochner flat almost Kahler surface with constant scalar curvature which 
is not a Kahler one. 

Example 3 We set (M,g) = H 3 (— 1) x M, where IH 3 (— 1) is a 3-dimensional real hyper- 
bolic space of constant sectional curvature —1 and K is a real line. Let 

d d d d 



ei = %i- — , e 2 = xi- — , e 3 = x 1T — , e 4 



OXi OX 2 OX 3 OX4 

on M = IR+ = IR+ x K = { (xi, £2, £3, X4) G M 4 | x\ > 0} and define an almost Hermitian 



structure (J, g) on M by g(e;, e 3 -) = 5^ and Je, = ^j=i ^ej, where 



/ COSX4 sina^ \ 

-COSX4 — sinx4 

-sina^ COSX4 

\ smx 4 — COSX4 / 

We denote by {e l } i= ^...^ the dual basis of {e^}. Then the Kahler form fl is given by 



Q = J l2 e l A e 2 + J^e 1 A e 3 + J^e 1 A e 4 
+ J 23 e 2 A e 3 + J 24 e 2 A e 4 + J 34 e 3 A e 4 

ry* ^ rp£ 

sinx4<ix2 A dx4 H cosx 4 (ix3 A d,X4 

X\ X\ 



(3.21) 



Thus, we have dQ = 0, and hence (M, J, 51) is an almost Kahler manifold. 

We may easily check that Example 3 is a locally symmetric, conformally flat, Tricerri- 
Vanhecke Bochner flat, non-Kahler, almost Kahler surface with constant scalar curvature 
t = — 6 and constant *-scalar curvature r* = —2. 
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4 Compact Tricerri- Vanhecke Bochner flat almost Her- 
mitian surfaces 



Let M = (M , J, g) be a compact Tricerri- Vanhecke Bochner flat almost Hermitian 
surface. From (13.101) . we have 



l|W+| 
1 1 w_ 1 1 2 



=0. 



We set 



G = E fe- - 4) 2 = 4 {(p; 3 - Pai) 2 + (pu - pIi) 2 } • 



From (14. ip . taking account of (14.21) . the first Pontrjagin number is given by 

1 



Pi(M) 



471-2 



4tt 2 

1 



M 



M 



{||W + f- ||W_|| 2 }^ 



(3r* 



T 



G 



96 

(3r* - r) 2 



32tt 2 y M [ 12 

From (13. 2D and (13. 3p . taking account of (14. 2p . we have 



di i 



=^ (9(^) 2 " 6rr* - 31r 2 } + + p,,) 2 + 4^, 

+ 2{(pI 3 -P3i) 2 + (Pu-Pli) 2 } 
= l{9(r*) 2 -6rr*-31r 2 }+2||p|| 2 + r 2 

+ 2{(pt 3 -P3i) 2 + (Pu-pli) 2 } 



24 



(3r* 



-r 2 + 2 



r 



2 T 2 



1 



+ . 2 + - G 



: 24 (3r *" T)2 + 2 



P~- A 9 



2 t 2 X 



— + -G. 
6 2 



From (I4.4p . the Euler number is given by 

1 



X(M) 



{|| J R|| 2 -4||p|| 2 + r 2 }^ 
2 



32tt 2 JM 

1 /• / (3r* - r) 2 
32tt 2 y M 1 24 



P-^ 



6 2 



(4.1) 



(4.2) 



(4.3) 



(4.4) 



(4.5) 
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From (14. 3 P and (14. 5p . by Wu's theorem [2T] , the first Chern number is given by 
Cl (M) 2 = Pl (M) + 2 X (M) 



32tt 2 J m 1 6 



(3r* 



r 



,2 







2 r 2 ^| 


4 


p-\g 





(4.6) 



From (I4.3P and ( 14.6j) . we have the following results. 



Theorem 4.1 Let M = (M,J,g) be a compact Tricerri-Vanhecke Bochner flat almost 
Hermitian Einstein surface. If the first Pontrjagin number pi(M) of M vanishes, then 

T 

M is a space of constant sectional curvature — (t SO). 

Proof From (14. 3p . we have 3r* — r = and G = which implies p* is symmetric. Thus, 



from Corollary 13.41 M is conformally flat and hence, M is a space of constant sectional 

curvature — since M is Einstein. It is well-known that a four-dimensional sphere S 4 can 

12 F 
not admit an almost complex structure. Therefore, it follows that t SO. □ 



Theorem 4.2 Let M = (M,J,g) be a compact Tricerri-Vanhecke Bochner flat almost 
Hermitian Einstein surface. If the first Chern number ci(M) 2 of M vanishes, then M is 
locally flat. 



Proof Since M is Einstein, from (14. 6p . we have 

Cl (M) 2 = -— / <j ^_ _ I + - + 2G\alv. (4.7) 



J_ f { (3r* - rf t 2 
32tt 2 ] m 1 6 3 



So, we have 

T = 0, G = 0, 3r* - r = (hence r* = 0). (4.8) 
Therefore, from (13.11) . M is locally flat. □ 



5 Compact Tricerri-Vanhecke Bochner flat Kahler 
Surfaces 

We give another proof of the result by Kamishima [9] for the real four dimensional 
case. Let M = (M, J, g) be a compact Tricerri-Vanhecke Bochner flat Kahler surface. 
First, we recall so-called Miyaoka-Yau's inequality [15] : 

ci(M) 2 S Max{2 X (M),3 X (M)} . (5.1) 
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Since M is Kahler, the integral formulas (14. 3 j) and (14. 5 p imply 
X(M) =-^- 2 ! {|| J R|| 2 -4||p|| 2 + r 2 }^ 



32vr 2 
1 



32vr 2 . 
Ci(M) 2 



M 



M 



(3r* 
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T 



dv, 



T 

If 



-G\dv 



(5.2) 



327T 2 



(5.3) 



respectively. We now assume that x(Af) ^ 0. Then, Miyaoka-Yau's inequality implies 

ci(M) 2 ^ 3x(M). (5.4) 
Then, by Q, fO|l . and (JED we have 







1 M 





dv < 



(5.5) 



and hence, M is Einstein (and therefore, in particular, the scalar curvature of M is 
constant). Thus, by Theorem 13.51 and (13. ip we see that M is locally a complex space 
form. Next, we assume that x(M) < 0. Then, Miyaoka-Yau's inequality implies 



Cl (M) 2 S 2x(M). 
Thus, in this case, by (I5.2p . (l5.3p and (15.61) . we have 



< 



(5.6) 



(5.7) 



and hence r = on M. Thus, by Theorem 13. 5^ we see also that M is locally a product of 
two oriented surfaces of constant Gaussian curvatures K and —K (K ^ 0). Summing up 
the above arguments, we have the following theorem. 

Theorem 5.1 Let M = (M,J,g) be a compact Tricerri-Vanhecke Bochner flat Kahler 
surface. Then M is locally a complex space form of complex dimension 2, or locally a 
product of two oriented surfaces of different constant Gaussian curvatures K and —K 
(K^O). 

Remark The above Theorem 5.1 is included in the result by Y. Kamishima [9] and the 
proof was first given by B. Y. Chen [1]. We refer to [HI El Ej for a further discussion of 
the Bochner-Kaher manifold. We may note that our proof is different from theirs. 
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6 Tricerri-Vanhecke Bochner flat alomst Kahler 
Einstein surfaces 



Let M = (M, J, g) be a compact Tricerri-Vanhecke Bochner flat almost Kahler Einstein 
surface. From ( 13. ip . we have 



3r* - 5r 3r* - r 3r* - 5r 

1313 ~ 48 ' 1324 ~ 48" ' 1414 ~ — 48 : 

3r* — r 

-Rl423 = ^ 1 #1314 = 0, #1323 = 0. 

From (16. ip . we thus have 

r* - r 



(6.1) 



U — — #1313 + #1324 



T-T 

"#1414 ~ -"4423 — n j 



W = — #1314 — #1323 = 0, 

and 

h= (u-v) 2 -4w 2 = 0. (6.2) 

which implies that M is an almost Kahler Einstein surface with Hermitian Weyl tensor 
[T6] . Therefore, by virtue of pQ , we see immediately that M is a Kahler surface. Therefore, 



taking account of Theorem 13.51 we have the following theorem concerning the Goldberg 
conjecture [5| [T7]. 

Theorem 6.1 Let M = (M,J,g) be a compact Tricerri-Vanhecke Bochner flat almost 
Kahler Einstein surface. Then M is locally a complex space form of complex dimension 
2. 



7 Remarks 

T. Koda [10] has proved that a self-dual almost Hermitian Einstein surface is a space of 
pointwise constant holomorphic sectional curvature. Further, T. Koda and fourth author 
of the present paper have proved that a compact self-dual Hermitian Einstein surface is 
a complex space form of complex dimension 2 [11] . Therefore, we see that a compact 
Tricerri-Vanhecke Bochner flat Hermitian Einstein surface is a complex space form of 
complex dimension 2. We herewith introduce an example of a non-compact Tricerri- 
Vanhecke Bochner flat Hermitian surface of pointwise constant holomorphic sectional 
curvature which is weakly *-Einstein but not Einstein. 
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Example 4 Let C be the set of complex numbers and / be a non-constant holomorphic 
function on C 2 = C x C. We set M = {z = (z 1 ,z 2 ) E C 2 | Ref(z) > -1} and assume 
that M is nonempy. Further, we set u(z) = Kef(z) and a(z) = — log(l + u(z)). Then a 
is regarded as a smooth function on M. Let g be the canonical Euclidean metric on C 2 
and J be the complex structure on M induced by the canonical complex structure on C 2 . 
Let g be the Riemannian metric on M defined by 

9 = e 2a g = ,, 2 g. (7.1) 

(1 + u{z)Y 

Since M = (M, J, g) is a locally flat Hermitian surface (and hence, M is a Tricerri- 
Vanhecke Bochner flat Hermitian surface). Since the Tricerri-Vanhecke Bochner curvature 
tensor B(R) is conformally invariant, (M,J,g) is also Tricerri-Vanheche Bochner flat. 
Further, Tricerri and Vanhecke proved that (M, J, g) is a space of pointwise constant 
holomorphic sectional curvature c = — e 2<J ||gradcr|| 2 and r* = 4c, where || • || 2 denotes the 
square norm with respect to the flat metric g on M [7] . We may also check that Example 
4 is a weakly *-Einstein manifold. 

It is known that a Tricerri-Vanhecke Bochner flat almost Hermitian manifold M = 
(M, J, g) is a general complex space form if and only if M is Einstein and weakly *- 
Einstein, and further that a general complex space form of dimension 2n(^ 6) is locally 
a complex space form [2D] . Concerning this result, Lemence proved that a compact 
generalized complex space form of dimension four is locally a complex space form of 
complex dimension 2 [12] . 
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